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Motivation

Replace the wild population of mosquito Ae. aegypti by an infectious one carrying the Wolbachia bacteria in

order to block flavivirus transmission.

Two parameters: maternal inheritance and cytoplasmic incompatibility (CI)
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Non-autonomous delay differential model

Table: Parameters of the mathematical model, their meaning, and units. The indices u, w , and J are related to

uninfected, infected with Wolbachia, and immature (juvenile) phase, respectively.

Notation Meaning Units

ξ maternal inheritance -

τ development time days

q cytoplasmic incompatibility -

η carrying capacity individual−1

ru, rw sex ratios -

bu, bw birth rates days−1

θ, θJ rates of Wolbachia infection loss days−1

du, dw , duJ , dwJ rates of mortality days−1

ϵ mating competitive advantage -
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Non-autonomous delay differential model
States variables

Nu and Nw the total uninfected and infected mosquito population, respectively.

dNu(t)

dt
= ru(1 − qν(t − τ(t)))bu(T(t − τ(t)))Nu(t − τ(t))Su(t)ϕ(T(t − τ(t)))

+(1 − ξσ(t))rw bw(T(t − τ(t)))Nw(t − τ(t))Sw(t)ϕ(T(t − τ(t)))

−du(T(t))Nu(t) + θ(T(t))Nw(t),

dNw(t)

dt
= rwξσ(t)bw(T(t − τ(t)))Nw(t − τ(t))Sw(t)ϕ(T(t − τ(t))) (1)

−(θ(T(t)) + dw(T(t)))Nw(t),
where

ϕ(T(t − τ(t))) = e−η(T(t−τ(t)))(ru Nu(t−τ(t))+rw Nw (t−τ(t)))

and ν(t − τ(t)) =
(1 − rw)Nw(t − τ(t))

ϵ(1 − ru)Nu(t − τ(t)) + (1 − rw)Nw(t − τ(t))
.

[4] Ferreira, C. P. (2020). Aedes aegypti and Wolbachia interaction: population persistence in an environment changing.

Theoretical Ecology, 13(2), 137-148.
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Non-autonomous delay differential model

Parameters

Si - survival of the immature phase, not

carrying (i = u) or carrying (i = w) the

bacterium;

σ - survival of the infection during the

immature phase;

τ - development time.

dSu(t)

dt
= Su(t)

[
m(T(t))duJ(T(t − τ(t)))

m(T(t − τ(t)))
− duJ(T(t))

]
,

dSw(t)

dt
= Sw(t)

[
m(T(t))dwJ(T(t − τ(t)))

m(T(t − τ(t)))
− dwJ(T(t))

]
,

dσ(t)

dt
= σ(t)

[
m(T(t))θJ(T(t − τ(t)))

m(T(t − τ(t)))
− θJ(T(t))

]
,

dτ(t)

dt
= 1 − m(T(t))

m(T(t − τ(t)))
.

[5] R.M. Nisbet and W.S.C Gurney (1983). The systematic formulation of population models for insects with dynamically

vaying instar duration. Theoretical Population Biology 23: 114-135.

[6] P. Amarassekare and R.M. Coutinho (2014). Efects of temperatue on intraspecific competition in ectotherms. The

American Naturalist 184: E50-E65.
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Theorem (Existence of the steady states)

If T := T(t) = T(t − τ), ν := ν(t − τ), and r := ru = rw , then System (1) admits three equilibria:

(i) P1 = (0, 0) which always exists;

(ii) P2 =

(
ln Ru

rη(T)
, 0

)
that exists if Ru > 1;

(iii) P3 =

(
ln Rw

rη(T)

(
Rwu + αRw

Rwu + Rw(α+ 1)− Ru

)
,
ln Rw

rη(T)

(
Rw − Ru

Rwu + Rw(α+ 1)− Ru

))
that exists

if Rw > max{1, Ru}, where α := α(T) =
θ(T)

du(T)
.

The three thresholds Rw , Ru and Rwu are given by

Rw =
rξσbw(T)Sw

θ(T) + dw(T)
, Ru =

r(1 − qν)bu(T)Su

du(T)
and Rwu(T) =

(1 − ξσ)bw(T)rSw

du(T)
.

where Sw := Sw(t), Su := Su(t) and σ := σ(t).
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Theorem (Local asymptotic stability of the equilibrium P1)

Suppose that T := T(t) = T(t − τ), ν := ν(t − τ), and r := ru = rw . If max{Ru, Rw} < 1, then

P1 is local asymptotic stable; otherwise it is unstable.

Theorem (Local asymptotic stability of the equilibrium P2)

Suppose that T := T(t) = T(t − τ), ν := ν(t − τ), and r := ru = rw . If Ru > max{1, Rw},

Rw/Ru < tan(ω1) sin(ω1) + cos(ω1) where ω1 = −(θ(T) + dw(T))τ tan(ω1) and

1 − ln Ru < tan(ω2) sin(ω2) + cos(ω2) with ω2 = −du(T)τ tan(ω2), ω1, ω2 ∈ ]0, π[, then P2 is

local asymptotic stable; otherwise it is unstable.

Theorem (Local asymptotic stability of the equilibrium P3)

Suppose that T := T(t) = T(t − τ), ν := ν(t − τ), θ(T) = 0, ξσ = 1, and r := ru = rw . If

Rw > max{1, Ru}, Ru/Rw < tan(ω1) sin(ω1) + cos(ω1) where ω1 = − du(T)τ tan(ω1) e

1 − ln Rw < tan(ω2) sin(ω2) + cos(ω2) with ω2 = −dw(T)τ tan(ω2), ω1, ω2 ∈ ]0, π[, then P3

is local asymptotic stable; otherwise it is unstable.
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Temperature-driven parameters
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Temperature-driven parameters
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What is the best period of the year to

release the Wolbachia-carrying mosquitoes?

Assuming a periodic variation of temperature over a year, the temperature function is given by

T(t) = TM − σT cos
(2πt

365

)
where TM and σT are the mean temperature and its variation.
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The initial condition is Nu(t) = 200 + 200
∣∣cos (t + π

2

)∣∣, and Nw(t) = 0, for t ∈ [−τ, 0],

Su(0) = e−τ(0)duJ(T(0)), Sw(0) = e−τ(0)dwJ(T(0)), and σ(0) = e−τ(0)θJ(T(0)) with τ(0) = m(T(0))−1.
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What much and how many times we will

do it?

One release of Wolbachia-carying mosquitoes during favorable or not favorable period.
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Figure: unfavorable period
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What much and how many times we will

do it?

Four releases of Wolbachia-carying mosquitoes during favorable or not favorable period.

 0

 200

 400

 600

 800

 0  300  600  900  1200  1500

 0

 500

 1000

 1500

 2000

 2500

 3000

N
u

N
w

Time

Nu
Nw

Figure: unfavorable period

 0

 200

 400

 600

 800

 0  300  600  900  1200  1500  1800

 0

 500

 1000

 1500

 2000

 2500

 3000

N
u

N
w

Time

Nu
Nw

Figure: favorable period

XI BIENAL DE MATEMÁTICA 2024 Wolbachia symbiont in Aedes aegypti Luís Lopes (luislopes@ime.usp.br)



How can we measure the efficiency of the

technique?

Ek = 1 − Ic

I0
, with Ij =

∫ tf

ti

Nu(t) dt

where Ij with j = {0, c} measures the cumulative number of non-infected mosquitoes observed between ti and tf .
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How temperature values impact the dynamics of both population?
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Figure: T = 18 ± 3◦C
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Figure: T = 22 ± 3◦C
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Figure: T = 28 ± 3◦C
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The effect of the bacteria strain
Temperature data in Niterói-RJ from 2020 to 2022 and the dynamics of both populations.
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What is the importance of the chosen

bacterial strain?

"3d.dat" using 1:2:3
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Conclusions

• Four releases delayed by seven days each are more efficient than one.

• When the mosquito population is high is the best moment to implement the releasing of infected

mosquitoes.

• Strains with high levels of cytoplasmic incompatibility and maternal inheritance boost the efficacy of the

technique.

• High temperature can increase the ratio of infected to non-infected mosquitoes necessary to achieve

infection’s persistence.

• High temperature can also diminishing the prevalence of the infection in the long run.

Although, the general idea of how all these factors affects the efficacy of the technique, the interaction among

them are not trivial. And here, a framework of how this interaction affects the replacement of wild mosquito

population by an infected one that is not able to transmit dengue is developed.
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Thank you!
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